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Abstract
We prove a bifurcation and multiplicity result for a critical fractional p-Laplacian
problem that is the analog of the Bre´zis-Nirenberg problem for the nonlocal quasilinear
case. This extends a result in the literature for the semilinear case p = 2 to all
p ∈ (1,∞), in particular, it gives a new existence result. When p 6= 2, the nonlinear
operator (−∆)s
p
, s ∈ (0, 1) has no linear eigenspaces, so our extension is nontrivial and
requires a new abstract critical point theorem that is not based on linear subspaces. We
prove a new abstract result based on a pseudo-index related to the Z2-cohomological
index that is applicable here.
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1 Introduction and main results
For p ∈ (1,∞), s ∈ (0, 1), and N > sp, the fractional p-Laplacian (−∆)sp is the nonlinear
nonlocal operator defined on smooth functions by
(−∆)sp u(x) = 2 lim
εց0
∫
RN\Bε(x)
|u(x)− u(y)|p−2 (u(x)− u(y))
|x− y|N+sp
dy, x ∈ RN .
This definition is consistent, up to a normalization constant depending on N and s, with
the usual definition of the linear fractional Laplacian operator (−∆)s when p = 2. There
is currently a rapidly growing literature on problems involving these nonlocal operators.
In particular, fractional p-eigenvalue problems have been studied in Brasco and Parini [6],
Brasco, Parini and Squassina [5], Franzina and Palatucci [20], Iannizzotto and Squassina
[28] and in Lindgren and Lindqvist [31]. Regularity of solutions was obtained in Di Castro,
Kuusi and Palatucci [14, 15], Iannizzotto, Mosconi and Squassina [26], Kuusi, Mingione
and Sire [29] and Lindgren [30]. Existence via Morse theory was investigated in Iannizzotto
et al. [27]. We refer to Caffarelli [9] for the motivations that have lead to their study. Let
Ω be a bounded domain in RN with Lipschitz boundary. We consider the problem
(−∆)sp u = λ |u|
p−2 u+ |u|p
∗
s−2 u in Ω
u = 0 in RN \ Ω,
(1.1)
where p∗s = Np/(N − sp) is the fractional critical Sobolev exponent. Let us recall the weak
formulation of problem (1.1). Let
[u]s,p =
(∫
R2N
|u(x)− u(y)|p
|x− y|N+sp
dxdy
)1/p
be the Gagliardo seminorm of the measurable function u : RN → R, and let
W s,p(RN ) =
{
u ∈ Lp(RN ) : [u]s,p <∞
}
be the fractional Sobolev space endowed with the norm
‖u‖s,p =
(
|u|pp + [u]
p
s,p
)1/p
,
where |·|p is the norm in L
p(RN ) (see Di Nezza et al. [16] for details). We work in the
closed linear subspace
Xsp(Ω) =
{
u ∈W s,p(RN ) : u = 0 a.e. in RN \Ω
}
,
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equivalently renormed by setting ‖·‖ = [·]s,p, which is a uniformly convex Banach space.
By [16, Theorems 6.5 & 7.1], the imbedding Xsp(Ω) →֒ L
r(Ω) is continuous for r ∈ [1, p∗s ]
and compact for r ∈ [1, p∗s). We let
Ss,p = inf
u∈Xsp(Ω)\{0}
‖u‖p
|u|pp∗s
(1.2)
denote the best imbedding constant when r = p∗s. A function u ∈ X
s
p(Ω) is a weak solution
of problem (1.1) if∫
R2N
|u(x)− u(y)|p−2 (u(x)− u(y)) (v(x) − v(y))
|x− y|N+sp
dxdy
= λ
∫
Ω
|u|p−2 uv dx+
∫
Ω
|u|p
∗
s−2 uv dx ∀v ∈ Xsp(Ω). (1.3)
In the semilinear case p = 2, problem (1.1) reduces to the critical fractional Laplacian
problem
(−∆)s u = λu+ |u|2
∗
s−2 u in Ω
u = 0 in RN \ Ω,
(1.4)
where 2∗s = 2N/(N−2s). This nonlocal problem generalizes the well-known Bre´zis-Nirenberg
problem, which has been extensively studied beginning with the seminal paper [8] (see,
e.g., [11, 10, 1, 25, 21, 42, 12, 17, 22, 24, 23, 13, 40] and references therein). Consequently,
many results known in the local case s = 1 have been extended to problem (1.4) (see, e.g.,
[38, 36, 39, 37, 2, 41, 19]). In particular, Fiscella et al. [19] have recently obtained the
following bifurcation and multiplicity result, extending a well-known result of Cerami et
al. [11] in the local case. Let 0 < λ1 < λ2 ≤ λ3 ≤ · · · → +∞ be the eigenvalues of the
problem
(−∆)s u = λu in Ω
u = 0 in RN \ Ω,
repeated according to multiplicity, and let |·| denote the Lebesgue measure in RN . If
λk ≤ λ < λk+1 and
λ > λk+1 −
Ss,2
|Ω|2s/N
,
andm denotes the multiplicity of λk+1, then problem (1.4) hasm distinct pairs of nontrivial
solutions ±uλj , j = 1, . . . ,m such that u
λ
j → 0 as λր λk+1 (see [19, Theorem 1]).
3
In the present paper we extend the above bifurcation and multiplicity result to the
quasilinear nonlocal problem (1.1). This extension is quite nontrivial. Indeed, the linking
argument based on eigenspaces of (−∆)s in [19] does not work when p 6= 2 since the
nonlinear operator (−∆)sp does not have linear eigenspaces. We will use a more general
construction based on sublevel sets as in Perera and Szulkin [35] (see also Perera et al. [33,
Proposition 3.23]). Moreover, the standard sequence of variational eigenvalues of (−∆)sp
based on the genus does not give enough information about the structure of the sublevel
sets to carry out this linking construction. Therefore we will use a different sequence of
eigenvalues introduced in Iannizzotto et al. [27] that is based on the Z2-cohomological
index of Fadell and Rabinowitz [18], which is defined as follows. Let W be a Banach space
and let A denote the class of symmetric subsets of W \ {0}. For A ∈ A, let A = A/Z2
be the quotient space of A with each u and −u identified, let f : A → RP∞ be the
classifying map of A, and let f∗ : H∗(RP∞) → H∗(A) be the induced homomorphism of
the Alexander-Spanier cohomology rings. The cohomological index of A is defined by
i(A) =
sup
{
m ≥ 1 : f∗(ωm−1) 6= 0
}
, A 6= ∅
0, A = ∅,
where ω ∈ H1(RP∞) is the generator of the polynomial ring H∗(RP∞) = Z2[ω]. For
example, the classifying map of the unit sphere Sm−1 in Rm, m ≥ 1 is the inclusion
RPm−1 ⊂ RP∞, which induces isomorphisms on Hq for q ≤ m− 1, so i(Sm−1) = m.
The Dirichlet spectrum of (−∆)sp in Ω consists of those λ ∈ R for which the problem
(−∆)sp u = λ |u|
p−2 u in Ω
u = 0 in RN \ Ω
(1.5)
has a nontrivial solution. Although a complete description of the spectrum is not known
when p 6= 2, we can define an increasing and unbounded sequence of variational eigenvalues
via a suitable minimax scheme. The standard scheme based on the genus does not give
the index information necessary for our purposes here, so we will use the following scheme
based on the cohomological index as in Iannizzotto et al. [27] (see also Perera [32]). Let
Ψ(u) =
1
|u|pp
, u ∈ M =
{
u ∈ Xsp(Ω) : ‖u‖ = 1
}
.
Then eigenvalues of problem (1.5) coincide with critical values of Ψ. We use the standard
notation
Ψa = {u ∈M : Ψ(u) ≤ a} , Ψa = {u ∈ M : Ψ(u) ≥ a} , a ∈ R
for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric
subsets of M, and set
λk := inf
M∈F , i(M)≥k
sup
u∈M
Ψ(u), k ∈ N.
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Then 0 < λ1 < λ2 ≤ λ3 ≤ · · · → +∞ is a sequence of eigenvalues of problem (1.5), and
λk < λk+1 =⇒ i(Ψ
λk) = i(M\Ψλk+1) = k (1.6)
(see Iannizzotto et al. [27, Proposition 2.4]). The asymptotic behavior of these eigenvalues
was recently studied in Iannizzotto and Squassina [28]. Making essential use of the index
information in (1.6), we will prove the following theorem.
Theorem 1.1. (i) If
λ1 −
Ss,p
|Ω|sp/N
< λ < λ1,
then problem (1.1) has a pair of nontrivial solutions ±uλ such that uλ → 0 as λր λ1.
(ii) If λk ≤ λ < λk+1 = · · · = λk+m < λk+m+1 for some k,m ∈ N and
λ > λk+1 −
Ss,p
|Ω|sp/N
, (1.7)
then problem (1.1) has m distinct pairs of nontrivial solutions ±uλj , j = 1, . . . ,m
such that uλj → 0 as λր λk+1.
In particular, we have the following existence result.
Corollary 1.2. Problem (1.1) has a nontrivial solution for all λ ∈
∞⋃
k=1
(
λk−Ss,p/ |Ω|
sp/N , λk
)
.
We note that λ1 ≥ Ss,p/ |Ω|
sp/N . Indeed, if ϕ1 is an eigenfunction associated with λ1,
λ1 =
‖ϕ1‖
p
|ϕ1|
p
p
≥
Ss,p |ϕ1|
p
p∗s
|ϕ1|
p
p
≥
Ss,p
|Ω|sp/N
by the Ho¨lder inequality.
Remark 1.3. Analogous results for the corresponding local problem driven by the p-Laplacian
operator were recently obtained in Perera et al. [34]. In this work new difficulties need to
be handled due to the non-locality of the problem, in particular the detection of a (lower)
range of validity of the Palais-Smale condition, consistent with the one known in the local
case s = 1, see Proposition 3.1.
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2 An abstract critical point theorem
The abstract result of Bartolo et al. [3] used in Cerami et al. [11] and Fiscella et al. [19] is
based on linear subspaces and therefore cannot be used to prove our Theorem 1.1. In this
section we prove a more general critical point theorem based on a pseudo-index related
to the cohomological index that is applicable here (see also Perera et al. [33, Proposition
3.44]).
Let W be a Banach space and let A denote the class of symmetric subsets of W \ {0}.
The following proposition summarizes the basic properties of the cohomological index.
Proposition 2.1 (Fadell-Rabinowitz [18]). The index i : A → N∪{0,∞} has the following
properties:
(i1) Definiteness: i(A) = 0 if and only if A = ∅;
(i2) Monotonicity: If there is an odd continuous map from A to B (in particular, if A ⊂
B), then i(A) ≤ i(B). Thus, equality holds when the map is an odd homeomorphism;
(i3) Dimension: i(A) ≤ dimW ;
(i4) Continuity: If A is closed, then there is a closed neighborhood N ∈ A of A such
that i(N) = i(A). When A is compact, N may be chosen to be a δ-neighborhood
Nδ(A) = {u ∈W : dist (u,A) ≤ δ};
(i5) Subadditivity: If A and B are closed, then i(A ∪B) ≤ i(A) + i(B);
(i6) Stability: If SA is the suspension of A 6= ∅, obtained as the quotient space of A ×
[−1, 1] with A×{1} and A×{−1} collapsed to different points, then i(SA) = i(A)+1;
(i7) Piercing property: If A, A0 and A1 are closed, and ϕ : A × [0, 1] → A0 ∪ A1 is a
continuous map such that ϕ(−u, t) = −ϕ(u, t) for all (u, t) ∈ A×[0, 1], ϕ(A×[0, 1]) is
closed, ϕ(A×{0}) ⊂ A0 and ϕ(A×{1}) ⊂ A1, then i(ϕ(A× [0, 1])∩A0 ∩A1) ≥ i(A);
(i8) Neighborhood of zero: If U is a bounded closed symmetric neighborhood of 0, then
i(∂U) = dimW .
Let Φ be an even C1-functional defined onW , and recall that Φ satisfies the Palais-Smale
compactness condition at the level c ∈ R, or (PS)c for short, if every sequence (uj) ⊂ W
such that Φ(uj) → c and Φ
′(uj) → 0 has a convergent subsequence. Let A
∗ denote the
class of symmetric subsets of W , let r > 0, let Sr = {u ∈W : ‖u‖ = r}, let 0 < b ≤ +∞,
and let Γ denote the group of odd homeomorphisms of W that are the identity outside
Φ−1(0, b). The pseudo-index of M ∈ A∗ related to i, Sr and Γ is defined by
i∗(M) = min
γ∈Γ
i(γ(M) ∩ Sr)
(see Benci [4]). The following critical point theorem generalizes Bartolo et al. [3, Theorem
2.4].
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Theorem 2.2. Let A0, B0 be symmetric subsets of S1 such that A0 is compact, B0 is
closed, and
i(A0) ≥ k +m, i(S1 \B0) ≤ k
for some integers k ≥ 0 and m ≥ 1. Assume that there exists R > r such that
supΦ(A) ≤ 0 < inf Φ(B), supΦ(X) < b,
where A = {Ru : u ∈ A0}, B = {ru : u ∈ B0}, and X = {tu : u ∈ A, 0 ≤ t ≤ 1}. For
j = k + 1, . . . , k +m, let
A∗j = {M ∈ A
∗ :M is compact and i∗(M) ≥ j}
and set
c∗j := inf
M∈A∗j
max
u∈M
Φ(u).
Then
inf Φ(B) ≤ c∗k+1 ≤ · · · ≤ c
∗
k+m ≤ supΦ(X),
in particular, 0 < c∗j < b. If, in addition, Φ satisfies the (PS)c condition for all c ∈ (0, b),
then each c∗j is a critical value of Φ and there are m distinct pairs of associated critical
points.
Proof. If M ∈ A∗k+1,
i(Sr \B) = i(S1 \B0) ≤ k < k + 1 ≤ i
∗(M) ≤ i(M ∩ Sr)
since idW ∈ Γ. Hence M intersects B by (i2) of Proposition 2.1. It follows that c
∗
k+1 ≥
inf Φ(B). If γ ∈ Γ, consider the continuous map
ϕ : A× [0, 1]→W, ϕ(u, t) = γ(tu).
We have ϕ(A× [0, 1]) = γ(X), which is compact. Since γ is odd, ϕ(−u, t) = −ϕ(u, t) for all
(u, t) ∈ A× [0, 1] and ϕ(A×{0}) = {γ(0)} = {0}. Since Φ ≤ 0 on A, γ|A = idA and hence
ϕ(A×{1}) = A. Applying (i7) with A˜0 = {u ∈W : ‖u‖ ≤ r} and A˜1 = {u ∈W : ‖u‖ ≥ r}
gives
i(γ(X) ∩ Sr) = i(ϕ(A× [0, 1]) ∩ A˜0 ∩ A˜1) ≥ i(A) = i(A0) ≥ k +m.
It follows that i∗(X) ≥ k +m. So X ∈ A∗k+m and hence c
∗
k+m ≤ supΦ(X). The rest now
follows from standard arguments in critical point theory (see, e.g., Perera et al. [33]).
Remark 2.3. Constructions similar to the one in the proof of Theorem 2.2 have been used
in Fadell and Rabinowitz [18] to prove bifurcation results for Hamiltonian systems, and
in Perera and Szulkin [35] to obtain nontrivial solutions of p-Laplacian problems with
nonlinearities that interact with the spectrum. See also Perera et al. [33, Proposition 3.44].
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3 Proof of Theorem 1.1
Weak solutions of problem (1.1) coincide with critical points of the C1-functional
Iλ(u) =
1
p
‖u‖p −
λ
p
|u|pp −
1
p∗s
|u|
p∗s
p∗s
, u ∈ Xsp(Ω).
We have the following compactness result, which is well-known in the local case s = 1.
Proposition 3.1. For any λ ∈ R, Iλ satisfies the (PS)c condition for all c <
s
N S
N/sp
s,p .
First we prove a lemma.
Lemma 3.2. If (uj) is bounded in X
s
p(Ω) and uj → u a.e. in Ω, then
‖uj‖
p = ‖uj − u‖
p + ‖u‖p + o(1) as j →∞.
Proof. Defining ωj : R
2N → R+ by
ωj(x, y) =
∣∣∣∣ |uj(x)− uj(y)|p|x− y|N+sp − |(uj(x)− u(x)) − (uj(y)− u(y))|p|x− y|N+sp − |u(x)− u(y)|p|x− y|N+sp
∣∣∣∣ ,
we will show that
lim
j→∞
∫
R2N
ωj(x, y) dxdy = 0. (3.1)
Given ε > 0, there exists Cε > 0 such that∣∣|a+ b|p − |a|p∣∣ ≤ ε |a|p + Cε |b|p ∀a, b ∈ R,
and taking a = (uj(x)− uj(y))− (u(x)− u(y)) and b = u(x)− u(y) gives
ωj(x, y) ≤ ε
|(uj(x)− uj(y))− (u(x)− u(y))|
p
|x− y|N+sp
+ Cε
|u(x) − u(y)|p
|x− y|N+sp
.
Consequently, defining ωεj : R
2N → R+ by
ωεj (x, y) =
(
ωj(x, y)− ε
|(uj(x)− uj(y))− (u(x)− u(y))|
p
|x− y|N+sp
)+
,
we have
ωεj (x, y) ≤ Cε
|u(x)− u(y)|p
|x− y|N+sp
∈ L1(R2N ).
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Since uj → u a.e. in R
N , ωεj → 0 a.e. in R
2N , so the dominated convergence theorem now
implies
lim
j→∞
∫
R2N
ωεj (x, y) dxdy = 0.
Then
lim sup
j→∞
∫
R2N
ωj(x, y) dxdy ≤ ε lim sup
j→∞
∫
R2N
|(uj(x)− uj(y))− (u(x) − u(y))|
p
|x− y|N+sp
dxdy,
and (3.1) follows since ε > 0 is arbitrary and uj is bounded in X
s
p(Ω).
Proof of Proposition 3.1. Let c < sN S
N/sp
s,p and let (uj) be a sequence in X
s
p(Ω) such that
Iλ(uj) =
1
p
‖uj‖
p −
λ
p
|uj |
p
p −
1
p∗s
|uj|
p∗s
p∗s
= c+ o(1), (3.2)
I ′λ(uj) v =
∫
R2N
|uj(x)− uj(y)|
p−2 (uj(x)− uj(y)) (v(x) − v(y))
|x− y|N+sp
dxdy
− λ
∫
Ω
|uj |
p−2 uj v dx−
∫
Ω
|uj |
p∗s−2 uj v dx = o(‖v‖) ∀v ∈ X
s
p(Ω)
(3.3)
as j →∞. Then
s
N
|uj|
p∗s
p∗s
= Iλ(uj)−
1
p
I ′λ(uj)uj = o(‖uj‖) + Ø(1),
which together with (3.2) and the Ho¨lder inequality shows that (uj) is bounded in X
s
p(Ω).
So a renamed subsequence of (uj) converges to some u weakly in X
s
p(Ω), strongly in L
r(Ω)
for all r ∈ [1, p∗s), and a.e. in Ω (see Di Nezza et al. [16, Corollary 7.2]). Denoting by
p′ = p/(p− 1) the Ho¨lder conjugate of p, |uj(x)−uj(y)|
p−2 (uj(x)−uj(y))/|x− y|
(N+sp)/p′
is bounded in Lp
′
(R2N ) and converges to |u(x)−u(y)|p−2 (u(x)−u(y))/|x−y|(N+sp)/p
′
a.e.
in R2N , and (v(x)−v(y))/|x−y|(N+sp)/p ∈ Lp(R2N ), so the first integral in (3.3) converges
to ∫
R2N
|u(x)− u(y)|p−2 (u(x)− u(y)) (v(x) − v(y))
|x− y|N+sp
dxdy
for a further subsequence. Moreover,∫
Ω
|uj |
p−2 uj v dx→
∫
Ω
|u|p−2 uv dx,
and ∫
Ω
|uj |
p∗s−2 uj v dx→
∫
Ω
|u|p
∗
s−2 uv dx
9
since |uj |
p∗s−2 uj ⇀ |u|
p∗s−2 u in L(p
∗
s)
′
(Ω). So passing to the limit in (3.3) shows that
u ∈ Xsp(Ω) is a weak solution of (1.1), i.e., (1.3) holds.
Setting u˜j = uj − u, we will show that u˜j → 0 in X
s
p(Ω). We have
‖u˜j‖
p = ‖uj‖
p − ‖u‖p + o(1) (3.4)
by Lemma 3.2, and
|u˜j|
p∗s
p∗s
= |uj |
p∗s
p∗s
− |u|
p∗s
p∗s
+ o(1) (3.5)
by the Bre´zis-Lieb lemma [7, Theorem 1]. Taking v = uj in (3.3) gives
‖uj‖
p = λ |u|pp + |uj |
p∗s
p∗s
+ o(1) (3.6)
since (uj) is bounded in X
s
p(Ω) and converges to u in L
p(Ω), and testing (1.3) with v = u
gives
‖u‖p = λ |u|pp + |u|
p∗s
p∗s
. (3.7)
It follows from (3.4)–(3.7) and (1.2) that
‖u˜j‖
p = |u˜j|
p∗s
p∗s
+ o(1) ≤
‖u˜j‖
p∗s
S
p∗s/p
s,p
+ o(1),
so
‖u˜j‖
p (Sp∗s/ps,p − ‖u˜j‖p∗s−p ) ≤ o(1). (3.8)
On the other hand,
c =
1
p
‖uj‖
p −
λ
p
|u|pp −
1
p∗s
‖uj‖
p∗s
p∗s
+ o(1) by (3.2)
=
s
N
(
‖uj‖
p − λ |u|pp
)
+ o(1) by (3.6)
=
s
N
(
‖u˜j‖
p + ‖u‖p − λ |u|pp
)
+ o(1) by (3.4)
=
s
N
(
‖u˜j‖
p + |u|
p∗s
p∗s
)
+ o(1) by (3.7)
≥
s
N
‖u˜j‖
p + o(1),
so
lim sup
j→∞
‖u˜j‖
p ≤
Nc
s
< SN/sps,p . (3.9)
It follows from (3.8) and (3.9) that ‖u˜j‖ → 0.
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If λk+m < λk+m+1, then i(Ψ
λk+m) = k + m by (1.6). In order to apply Theorem
2.2 to the functional Iλ to prove Theorem 1.1, we will construct a compact symmetric
subset A0 of Ψ
λk+m with the same index. As noted in Iannizzotto et al. [27], the operator
Asp ∈ C(X
s
p(Ω),X
s
p(Ω)
∗), where Xsp(Ω)
∗ is the dual of Xsp(Ω), defined by
Asp(u) v =
∫
R2N
|u(x) − u(y)|p−2 (u(x) − u(y)) (v(x) − v(y))
|x− y|N+sp
dxdy, u, v ∈ Xsp(Ω)
satisfies the structural assumptions of [33, Chapter 1]. In particular, Asp is of type (S), i.e.,
every sequence (uj) ⊂ X
s
p(Ω) such that
uj ⇀ u, A
s
p(uj) (uj − u)→ 0
has a subsequence that converges strongly to u.
Lemma 3.3. The operator Asp is strictly monotone, i.e.,
(Asp(u)−A
s
p(v)) (u − v) > 0
for all u 6= v in Xsp(Ω).
Proof. By Perera et al. [33, Lemma 6.3], it suffices to show that
Asp(u) v ≤ ‖u‖
p−1 ‖v‖ ∀u, v ∈ Xsp(Ω)
and the equality holds if and only if αu = βv for some α, β ≥ 0, not both zero. We have
Asp(u) v ≤
∫
R2N
|u(x) − u(y)|p−1 |v(x) − v(y)|
|x− y|N+sp
dxdy ≤ ‖u‖p−1 ‖v‖
by the Ho¨lder inequality. Clearly, equality holds throughout if αu = βv for some α, β ≥ 0,
not both zero. Conversely, if Asp(u) v = ‖u‖
p−1 ‖v‖, equality holds in both inequalities.
The equality in the second inequality gives
α |u(x)− u(y)| = β |v(x) − v(y)| a.e. in R2N
for some α, β ≥ 0, not both zero, and then the equality in the first inequality gives
α (u(x)− u(y)) = β (v(x)− v(y)) a.e. in R2N .
Since u and v vanish a.e. in RN \Ω, it follows that αu = βv a.e. in Ω.
Lemma 3.4. For each w ∈ Lp(Ω), the problem
(−∆)sp u = |w|
p−2 w in Ω
u = 0 in RN \Ω
(3.10)
has a unique weak solution u ∈ Xsp(Ω). Moreover, the map J : L
p(Ω)→ Xsp(Ω), w 7→ u is
continuous.
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Proof. The existence follows from a standard minimization argument, and the uniqueness
is immediate from the strict monotonicity of the operator Asp. Let wj → w in L
p(Ω) and
let uj = J(wj), so
Asp(uj) v =
∫
Ω
|wj |
p−2wj v dx ∀v ∈ X
s
p(Ω). (3.11)
Testing with v = uj gives
‖uj‖
p =
∫
Ω
|wj |
p−2 wj uj dx ≤ |wj|
p−1
p |uj|p
by the Ho¨lder inequality, which together with the continuity of the imbedding Xsp(Ω) →֒
Lp(Ω) shows that (uj) is bounded in X
s
p(Ω). So a renamed subsequence of (uj) converges
to some u weakly in Xsp(Ω), strongly in L
p(Ω), and a.e. in Ω. An argument similar to that
in the proof of Proposition 3.1 shows that u is a weak solution of (3.10), so u = J(w).
Testing (3.11) with uj − u gives
Asp(uj) (uj − u) =
∫
Ω
|wj |
p−2wj (uj − u) dx→ 0,
so uj → u for a further subsequence as A
s
p is of type (S).
Proposition 3.5. If λl < λl+1, then Ψ
λl has a compact symmetric subset A0 with i(A0) =
l.
Proof. Let
πp(u) =
u
|u|p
, u ∈ Xsp(Ω) \ {0}
be the radial projection onto Mp =
{
u ∈ Xsp(Ω) : |u|p = 1
}
, and let
A = πp(Ψ
λl) =
{
w ∈ Mp : ‖w‖
p ≤ λl
}
.
Then i(A) = i(Ψλl) = l by (i2) of Proposition 2.1 and (1.6). For w ∈ A, let u = J(w),
where J is the map defined in Lemma 3.4, so
Asp(u) v =
∫
Ω
|w|p−2 wv dx ∀v ∈ Xsp(Ω).
Testing with v = u,w and using the Ho¨lder inequality gives
‖u‖p ≤ |w|p−1p |u|p = |u|p , 1 = A
s
p(u)w ≤ ‖u‖
p−1 ‖w‖ ,
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so
‖πp(u)‖ =
‖u‖
|u|p
≤ ‖w‖
and hence πp(u) ∈ A. Let J˜ = πp ◦ J and let A˜ = J˜(A) ⊂ A. Since the imbedding
Xsp(Ω) →֒ L
p(Ω) is compact and J˜ is an odd continuous map from Lp(Ω) to Xsp(Ω), then
A˜ is a compact set and i(A˜) = i(A) = l. Let
π(u) =
u
‖u‖
, u ∈ Xsp(Ω) \ {0}
be the radial projection onto M and let A0 = π(A˜). Then A0 ⊂ Ψ
λl is compact and
i(A0) = i(A˜) = l.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. We only give the proof of (ii). Proof of (i) is similar and simpler. By
Proposition 3.1, Iλ satisfies the (PS)c condition for all c <
s
N S
N/sp
s,p , so we apply Theorem
2.2 with b = sN S
N/sp
s,p . By Proposition 3.5, Ψλk+m has a compact symmetric subset A0 with
i(A0) = k +m.
We take B0 = Ψλk+1 , so that
i(S1 \B0) = k
by (1.6). Let R > r > 0 and let A, B and X be as in Theorem 2.2. For u ∈ B0,
Iλ(ru) ≥
rp
p
(
1−
λ
λk+1
)
−
rp
∗
s
p∗s S
p∗s/p
s,p
by (1.2). Since λ < λk+1 and p
∗
s > p, it follows that inf Iλ(B) > 0 if r is sufficiently small.
For u ∈ A0 ⊂ Ψ
λk+1 ,
Iλ(Ru) ≤
Rp
p
(
1−
λ
λk+1
)
−
Rp
∗
s
p∗s |Ω|
sp∗s/N λ
p∗s/p
k+1
by the Ho¨lder inequality, so there exists R > r such that Iλ ≤ 0 on A. For u ∈ X,
Iλ(u) ≤
λk+1 − λ
p
∫
Ω
|u|p dx−
1
p∗s |Ω|
sp∗s/N
(∫
Ω
|u|p dx
)p∗s/p
≤ sup
ρ≥0
[
(λk+1 − λ) ρ
p
−
ρp
∗
s/p
p∗s |Ω|
sp∗s/N
]
=
s
N
|Ω| (λk+1 − λ)
N/sp.
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So
sup Iλ(X) ≤
s
N
|Ω| (λk+1 − λ)
N/sp <
s
N
SN/sps,p
by (1.7). Theorem 2.2 now gives m distinct pairs of (nontrivial) critical points ±uλj , j =
1, . . . ,m of Iλ such that
0 < Iλ(u
λ
j ) ≤
s
N
|Ω| (λk+1 − λ)
N/sp → 0 as λր λk+1. (3.12)
Then
|uλj |
p∗s
p∗s
=
N
s
[
Iλ(u
λ
j )−
1
p
I ′λ(u
λ
j )u
λ
j
]
=
N
s
Iλ(u
λ
j )→ 0
and hence uλj → 0 in L
p(Ω) also by the Ho¨lder inequality, so
‖uλj ‖
p = p Iλ(u
λ
j ) + λ |u
λ
j |
p
p +
p
p∗s
|uλj |
p∗s
p∗s
→ 0.
References
[1] A. Ambrosetti and M. Struwe, A note on the problem −∆u = λu + u|u|2
∗−2
Manuscripta Math. 54 373–379, (1986).
[2] B. Barrios, E. Colorado, A. de Pablo, and U. Sa´nchez, On some critical problems for
the fractional Laplacian operator. J. Differential Equations 252 6133–6162, (2012).
[3] P. Bartolo, V. Benci, and D. Fortunato, Abstract critical point theorems and applica-
tions to some nonlinear problems with strong resonance at infinity, Nonlinear Anal. 7
981–1012, (1983).
[4] V. Benci, On critical point theory for indefinite functionals in the presence of symme-
tries, Trans. Amer. Math. Soc. 274 533–572, (1982).
[5] L. Brasco, E. Parini, The second eigenvalue of the fractional p-Laplacian, preprint.
[6] L. Brasco, E. Parini and M. Squassina, Stability of variational eigenvalues for the
fractional p-Laplacian, Discrete Cont. Dyn. Systems A, to appear.
[7] H. Bre´zis and E. Lieb, A relation between pointwise convergence of functions and
convergence of functionals. Proc. Amer. Math. Soc. 88 486–490, (1983).
[8] H. Bre´zis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents, Comm. Pure Appl. Math. 36 437–477, (1983).
14
[9] L. Caffarelli, Non-local diffusions, drifts and games. In Nonlinear Partial Differential
Equations, 7 Abel Symposia, 37–52, (2012).
[10] A. Capozzi, D. Fortunato, and G. Palmieri, An existence result for nonlinear ellip-
tic problems involving critical Sobolev exponent, Ann. Inst. H. Poincare´ Anal. Non
Line´aire 2 463–470, (1985).
[11] G. Cerami, D. Fortunato, and M. Struwe, Bifurcation and multiplicity results for
nonlinear elliptic problems involving critical Sobolev exponents, Ann. Inst. H. Poincare´
Anal. Non Line´aire 1 341–350, (1984).
[12] D. G. Costa and E. A. Silva, A note on problems involving critical Sobolev exponents,
Differential Integral Equations 8 673–679, (1995).
[13] E. A. de B. Silva and S. H. M. Soares. Quasilinear Dirichlet problems in Rn with
critical growth. Nonlinear Anal. 43 1–20, (2001).
[14] A. Di Castro, T. Kuusi, and G. Palatucci, Local behavior of fractional p-minimizers,
preprint.
[15] A. Di Castro, T. Kuusi, and G. Palatucci, Nonlocal Harnack inequalities, J. Funct.
Anal. 267 1807–1836, (2014).
[16] E. Di Nezza, G. Palatucci, and E. Valdinoci, Hitchhiker’s guide to the fractional
Sobolev spaces. Bull. Sci. Math. 136 521–573, (2012).
[17] P. Dra´bek and Y. X. Huang, Multiplicity of positive solutions for some quasilinear
elliptic equation in RN with critical Sobolev exponent. J. Differential Equations 140
106–132, (1997).
[18] E. R. Fadell and P. H. Rabinowitz, Generalized cohomological index theories for Lie
group actions with an application to bifurcation questions for Hamiltonian systems,
Invent. Math. 45 139–174, (1978).
[19] A. Fiscella, G. M. Bisci, and R. Servadei, Bifurcation and multiplicity results for
critical nonlocal fractional Laplacian problems, preprint.
[20] G. Franzina and G. Palatucci, Fractional p-eigenvalues, Riv. Mat. Univ. Parma 5
315–328, (2014).
[21] J. G. Azorero and I. P. Alonso, Multiplicity of solutions for elliptic problems with
critical exponent or with a nonsymmetric term, Trans. Amer. Math. Soc. 323 877–
895, (1991).
[22] F. Gazzola and B. Ruf, Lower-order perturbations of critical growth nonlinearities in
semilinear elliptic equations, Adv. Differential Equations 2 555–572, (1997).
15
[23] N. Ghoussoub and C. Yuan, Multiple solutions for quasi-linear PDEs involving the crit-
ical Sobolev and Hardy exponents. Trans. Amer. Math. Soc. 352 5703–5743, (2000).
[24] J. V. Gonc¸alves and C. O. Alves. Existence of positive solutions for m-Laplacian equa-
tions in RN involving critical Sobolev exponents. Nonlinear Anal. 32 53–70, (1998).
[25] M. Guedda and L. Ve´ron, Quasilinear elliptic equations involving critical Sobolev
exponents, Nonlinear Anal. 13 879–902, (1989).
[26] A. Iannizzotto, S. Mosconi, M. Squassina, Global Ho¨lder regularity for the fractional
p-Laplacian, preprint
[27] A. Iannizzotto, S. Liu, K. Perera, and M. Squassina, Existence results for fractional
p-Laplacian problems via Morse theory, Adv. Calc. Var., to appear.
[28] A. Iannizzotto and M. Squassina, Weyl-type laws for fractional p-eigenvalue problems.
Asympt. Anal. 88 233–245, (2014).
[29] T. Kuusi, G. Mingione and Y. Sire Y., Nonlocal equations with measure data, Comm.
Math. Phys., to appear.
[30] E. Lindgren, Ho¨lder estimates for viscosity solutions of equations of fractional p-
Laplace type, preprint
[31] E. Lindgren and P. Lindqvist, Fractional eigenvalues, Calc. Var. Partial Differential
Equations 49 795–826, (2014).
[32] K. Perera, Nontrivial critical groups in p-Laplacian problems via the Yang index,
Topol. Methods Nonlinear Anal. 21 301–309, (2003).
[33] K. Perera, R. P. Agarwal, and D. O’Regan, Morse theoretic aspects of p-Laplacian type
operators, volume 161 of Mathematical Surveys and Monographs. American Mathe-
matical Society, Providence, RI, 2010.
[34] K. Perera, M. Squassina, and Y. Yang, Bifurcation and multiplicity results for critical
p-Laplacian problems, Topol. Methods Nonlinear Anal., to appear.
[35] K. Perera and A. Szulkin, p-Laplacian problems where the nonlinearity crosses an
eigenvalue, Discrete Contin. Dyn. Syst. 13 743–753, (2005).
[36] R. Servadei, A critical fractional laplace equation in the resonant case, Topol. Methods
Nonlinear Anal. 43 251–267, (2014).
[37] R. Servadei and E. Valdinoci, The Brezis-Nirenberg result for the fractional laplacian,
Trans. Amer. Math. Soc. 367 (2015), 67–102.
16
[38] R. Servadei, The Yamabe equation in a non-local setting. Adv. Nonlinear Anal. 2
235–270, (2013).
[39] R. Servadei and E. Valdinoci, A Brezis-Nirenberg result for non-local critical equations
in low dimension, Commun. Pure Appl. Anal. 12 2445–2464, (2013).
[40] E. A. B. Silva and M. S. Xavier, Multiplicity of solutions for quasilinear elliptic prob-
lems involving critical Sobolev exponents, Ann. Inst. H. Poincare´ Anal. Non Line´aire
20 341–358, (2003).
[41] J. G. Tan, The Brezis-Nirenberg type problem involving the square root of the Lapla-
cian, Calc. Var. Partial Differential Equations 42 21–41, (2011).
[42] Z. H. Wei and X. M. Wu, A multiplicity result for quasilinear elliptic equations in-
volving critical Sobolev exponents, Nonlinear Anal. 18 559–567, (1992).
17
